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Dans toute la suite Rn est muni de son produit scalaire usuel noté (.|.), sa norme associée est donc ∥.∥.

A. Norme d’opérateur d’une matrice

1) • - Sn−1 �e�s�t �b�o�r�n�é�e �p�a�r� �d�é�f�i�n�i�t�i�o�n�.
- L'�a�p�p�l�i�c�a�t�i�o�n� ∥.∥ �e�s�t �c�o�n�t�i�n�u�e �c�o�m�m�e �a�p�p�l�i�c�a�t�i�o�n� 1−�l�i�p�s�c�h�i�t�z�i�e�n�n�e �e�t {1} �e�s�t �f�e�r�m�é �c�o�m�m�e
�s�i�n�g�l�e�t�o�n�, �d�o�n�c Sn−1 �e�s�t �u�n� �f�e�r�m�é �c�o�m�m�e �i�m�a�g�e �r�é�c�i�p�r�o�q�u�e �d�u� �f�e�r�m�é {1} �p�a�r� �l��a�p�p�l�i�c�a�t�i�o�n�
�c�o�n�t�i�n�u�e ∥.∥.
- O�n� �c�o�n�c�l�u�t �q�u�e Sn−1 �e�s�t �f�e�r�m�é�e �b�o�r�n�é�e �d�e Rn �q�u�i� �e�s�t �d�e �d�i�m�e�n�s�i�o�n� �f�i�n�i�e, �d�o�n�c Sn−1 �e�s�t �u�n�
�c�o�m�p�a�c�t �d�e Rn.
• P�o�u�r� M ∈ Mn(R), L'�a�p�p�l�i�c�a�t�i�o�n� x 7−→ ∥Mx∥ �e�s�t �c�o�n�t�i�n�u�e �c�o�m�m�e �c�o�m�p�o�s�é�e �l��a�p�p�l�i�c�a�t�i�o�n�
x 7−→ Mx �q�u�i� �e�s�t �c�o�n�t�i�n�u�e �p�a�r� �l�i�n�é�a�r�i�t�é �e�t dim(Rn) < +∞ �e�t �d�e �l��a�p�p�l�i�c�a�t�i�o�n� �c�o�n�t�i�n�u�e ∥.∥,
�d�o�n�c �e�l�l�e �e�s�t �b�o�r�n�é�e �e�t �a�t�t�e�i�n�t �s�a� �b�o�r�n�e �s�u�p�é�r�i�e�u�r�e �s�u�r� �l�e �c�o�m�p�a�c�t Sn−1, �c�e �q�u�i� �a�s�s�u�r�e
�l��e�x�i�s�t�e�n�c�e �d�e ∥M∥op.

2) • - S�o�i�t M ∈ Mn(R) �t�e�l �q�u�e ∥M∥op = 0, �a�l�o�r�� ∀x ∈ Sn−1, ∥Mx∥ = 0, �d�o�n�c ∀x ∈ Sn−1, Mx = 0

, �e�n� �p�a�r�t�i�c�u�l�i�e�r� ∀i ∈ [[1, n]], Mei = 0 �o�ù� (e1, ..., en) �l�a� �b�a�s�e �c�a�n�o�n�i�q�u�e �d�e Rn, �c�e �q�u�i� �e�n�t�r�a�i�n�e
�q�u�e M = 0.
• - S�o�i�t λ ∈ R∗.
- ∀x ∈ Sn−1, ∥λMx∥ = |λ|∥Mx∥ ≤ |λ|∥M∥op, �c�e �q�u�i� �d�o�n�n�e �e�n� �p�a�s�s�a�n�t �a�u� �s�u�p� �q�u�e ∥λM∥op ≤

|λ|∥M∥op.
- O�n� �a�p�p�l�i�q�u�e �c�e�t�t�e �i�n�é�g�a�l�i�t�é �p�o�u�r� λM, �o�n� �a�u�r�a� ∥M∥op = ∥ 1

λ
λM∥op ≤ 1

|λ|
∥λM∥op, �d�o�n�c

|λ|∥M∥op ≤ ∥λM∥op, �c�e �q�u�i� �d�o�n�n�e �l��é�g�a�l�i�t�é ∥λM∥op = |λ|∥M∥op �é�g�a�l�i�t�é �e�n�c�o�r�e �v�r�a�i�e �p�o�u�r� λ = 0.
• - S�o�i�t M,N ∈ Mn(R), �a�l�o�r�� ∀x ∈ Sn−1, ∥(M+N)x∥ = ∥Mx+Nx∥ ≤ ∥Mx∥+∥Nx∥ ≤ ∥M∥op+∥N∥op

�e�t �p�a�r� �p�a�s�s�a�g�e �a�u� �m�a�x, �o�n� �o�b�t�i�e�n�t ∥M +N∥op ≤ ∥M∥op + ∥N∥op.

• - S�o�i�t x ∈ Rnr {0}, �a�l�o�r�� x

∥x∥ ∈ Sn−1, �d�o�n�c
∥∥∥∥M.

x

∥x∥

∥∥∥∥ ≤ ∥M∥op, �d�o�n�c ∥Mx∥ ≤ ∥M∥op∥x∥, �i�n�é�g�a�l�i�t�é
�e�n�c�o�r�e �v�r�a�i�e �p�o�u�r� x = 0, �d�o�n�c ∀x, y ∈ Rn, ∥Mx −My∥ = ∥M(x − y)∥ ≤ ∥M∥op∥x − y∥.

3) L�a� �m�a�t�r�i�c�e M �é�t�a�n�t �s�y�m�é�t�r�i�q�u�e �r�é�e�l�l�e, �d�o�n�c �d�'�a�p�r�è�� �l�e �t�h�é�o�r�è�m�e �s�p�é�c�t�r�a�l, M �e�s�t �d�i�a�g�o�n�a�l�i�s�a�b�l�e
�d�a�n�� �u�n�e �b�a�s�e �o�r�t�h�o�n�o�r�m�é�e �p�o�u�r� �l�e �p�r�o�d�u�i�t �s�c�a�l�a�i�r�e �u�s�u�e�l, �d�e �v�e�c�t�e�u�r�� �p�r�o�p�r�e�� �d�e M.
N�o�t�o�n�� σ(M) = {λ1, ..., λn} �e�t (ε1, ..., εn) �l�a� �b�a�s�e �o�r�t�h�o�n�o�r�m�a�l�e �d�e �v�e�c�t�e�u�r�� �p�r�o�p�r�e�� �a�s�s�o�c�i�é��
�r�e�s�p�e�c�t�i�v�e�m�e�n�t �à� λ1, ..., λn �t�e�l �q�u�e |λ1| ≤ ... ≤ |λn|.

∀x =

n∑
i=1

xiεi ∈ S
n−1, �o�n� �a� ∥x∥2 =

n∑
i=1

x
2
i = 1 �e�t Mx =

n∑
i=1

xiMεi =

n∑
i=1

λixiεi, �d�o�n�c

∥Mx∥2 =

n∑
i=1

λ
2
i x

2
i ≤ λ

2
n

n∑
i=1

x
2
i = λ

2
n

�e�t �p�a�r� �p�a�s�s�a�g�e �a�u� �m�a�x, �o�n� �o�b�t�i�e�n�t ∥M∥op ≤ |λn| = max(|λ1|, ..., |λn|).

4) U�n� �c�a�l�c�u�l �s�i�m�p�l�e �d�o�n�n�e J2n = nJn, �d�o�n�c X(X − n) �e�s�t �l�e �p�o�l�y�n�ô�m�e �m�i�n�i�m�a�l �d�e Jn, �d�o�n�c
σ(Jn) = {0, n}.
D�e �p�l�u�� ran(Jn) = 1, �d�o�n�c dim(E0(Jn)) = dim(Ker(Jn)) = n − 1 �e�t dim(En(Jn)) = 1.
Jnu = u �o�ù� �o�n� �a� �n�o�t�é u = t(1, ..., 1) , �d�o�n�c En(Jn) = Vect(u) �e�t E0(Jn) = (Vect(u))⊥.
O�n� �a� �d�o�n�c ∥Jn∥op = max(0, n) = n.

5) ∀i, j ∈ [[1, n]], Mi,j = (Mej|ei), �d�o�n�c �p�a�r� �l��i�n�é�g�a�l�i�t�é �d�e C�a�u�c�h�y-S�c�h�w�a�r�z,
|Mi,j| ≤ ∥Mej∥∥ei∥ ≤ ∥M∥op, �e�t �l�e �p�a�s�s�a�g�e �a�u� �m�a�x �e�n�t�r�a�i�n�e �q�u�e max

1≤i,j≤n
{|Mi,j|} ≤ ∥M∥op.
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6) S�o�i�t x =

n∑
i=1

xiei ∈ S
n−1 �e�t �n�o�t�o�n�� (Mx)1, ..., (Mx)n �l�e�� �c�o�m�p�o�s�a�n�t�e�� �d�u� �v�e�c�t�e�u�r� Mx, �a�l�o�r��

∥Mx∥2 =

n∑
i=1

(Mx)2i =

n∑
i=1

(
n∑

j=1

Mi,jxj

)2

�l��i�n�é�g�a�l�i�t�é �d�e C�a�u�c�h�y-S�c�h�w�a�r�z �d�o�n�n�e
(

n∑
j=1

Mi,jxj

)2

≤
n∑

i=1

M
2
i,j

n∑
j=1

x
2
j =

n∑
i=1

M
2
i,j, �c�e �q�u�i� �d�o�n�n�e

�l��i�n�é�g�a�l�i�t�é

∀x ∈ S
n−1

, ∥Mx∥ ≤
√ ∑

1≤i,j≤n

M
2
i,j

�e�t �l�e �p�a�s�s�a�g�e �a�u� �m�a�x �c�o�n�d�u�i�t �à� �l��i�n�é�g�a�l�i�t�é

∥M∥op ≤
√ ∑

1≤i,j≤n

M
2
i,j

• M�o�n�t�r�o�n�� �q�u�e ∥M∥op =
√ ∑

1≤i,j≤n

M
2
i,j �s�i�, �e�t �s�e�u�l�e�m�e�n�t �s�i�, rang(M) ≤ 1.

S�o�i�t x = t(x1, ..., xn) ∈ Sn−1 �t�e�l �q�u�e ∥M∥op = ∥Mx∥, �a�l�o�r�� ∥M∥2
op =

n∑
i=1

(Mx)2i =

n∑
i=1

(

n∑
j=1

Mi,jxj)
2 ≤

∑
1≤i,j≤n

M
2
i,j, �d�o�n�c ∥M∥op =

√ ∑
1≤i,j≤n

M
2
i,j �s�i�, �e�t �s�e�u�l�e�m�e�n�t �s�i�,

n∑
i=1

(
n∑

j=1

M
2
i,j − (

n∑
j=1

Mi,jxj)
2

)
= 0

�e�t �p�u�i�s�q�u�e
n∑

j=1

M
2
i,j − (

n∑
j=1

Mi,jxj)
2 ≥ 0, �a�l�o�r�� �l��é�g�a�l�i�t�é �a� �e�u� �l�i�e�u� �s�i�, �e�t �s�e�u�l�e�m�e�n�t �s�i�, ∀j ∈ [[1, n]],

n∑
j=1

M
2
i,j = (

n∑
j=1

Mi,jxj)
2, �c'�e�s�t �l��é�g�a�l�i�t�é �d�e C�a�u�c�h�y-S�c�h�w�a�r�z, �q�u�i� �e�x�i�g�e �d�o�n�c ∀i ∈ [[1, n]], �l�e�� �v�e�c�t�e�u�r��

t(Mi,1, ...,Mi,n) �e�t t(x1, ..., xn) �s�o�n�t �l�i�é��, �c'�e�s�t �à� �d�i�r�e �l�e�� �l�i�g�n�e�� �d�e M �s�o�n�t �l�i�é�e��. �c�e �q�u�i� �e�s�t
�é�q�u�i�v�a�l�e�n�t �à� M �e�s�t �d�e �r�a�n�g ≤ 1.

7) • - ∀i, j, |Mi,j| ≤ 1, �d�o�n�c ∥M∥op =
√ ∑

1≤i,j≤n

M
2
i,j ≤

√ ∑
1≤i,j≤n

1 =
√
n2 = n.

• - S�i� �l��é�g�a�l�i�t�é �e�s�t �v�é�r�i�f�i�é�e, �a�l�o�r�� ∥M∥2
op =

∑
1≤i,j≤n

M
2
i,j = n

2, �d�o�n�c
∑

1≤i,j≤n

(1−M
2
i,j) = 0 �e�t �p�u�i�s�q�u�e

1−M2
i,j ≥ 0 �o�n� �o�b�t�i�e�n�t ∀i, j ∈ [[1, n]], |Mi,j| = 1, �d�e �p�l�u�� �l��é�g�a�l�i�t�é ∥M∥2

op =
∑

1≤i,j≤n

M
2
i,j �e�x�i�g�e �p�a�r�

�l�a� �q�u�e�s�t�i�o�n� 6 �q�u�e rang(M) ≤ 1 �m�a�i�� ∥M∥op = n ̸= 0, �d�o�n�c rang(M) = 1

R�é�c�i�p�r�o�q�u�e�m�e�n�t, �s�i� rang(M) = 1 �e�t ∀i, j ∈ [[1, n]], |Mi,j| = 1, �a�l�o�r�� �l��i�n�é�g�a�l�i�t�é �d�e �l�a� �q�u�e�s�t�i�o�n� 6
�d�e�v�i�e�n�t �u�n�e �é�g�a�l�i�t�é, ∥M∥op =

√ ∑
1≤i,j≤n

M
2
i,j = n.

• M ∈ Σn �s�i� �e�t �s�e�u�l�e�m�e�n�t �s�i�, M = t(L1, λ2L1, ..., λnLn) �o�ù� L1 = (M1,1, ...,M1,n) �a�v�e�c M1,i = ±1

�e�t λi =
Mi,1

M1,1

= ±1, �d�o�n�c Σn �e�s�t �e�n� �b�i�j�e�c�t�i�o�n� �a�v�e�c {−1, 1}n × {−1, 1}n−1, �i�l �e�s�t �d�o�n�c �d�e �c�a�r�d�i�n�a�l
2n2n−1 = 22n−1.
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B. Variables aléatoires sous-gaussiennes

8) ∀t ∈ R, ch(t) =

+∞∑
n=0

t2n

(2n)!
=

+∞∑
n=0

(t2/2)n

n!

2n

(n + 1)...(2n)
.

�o�r� ∀n ≥ 1, 2n

(n + 1)...(2n)
=

(
2

n + 1

)(
2

n + 2

)
...

(
2

2n

)
≤ 1× ...×1 = 1 �a�v�e�c �é�g�a�l�i�t�é �s�i� n = 0, �d�o�n�c

∀t ∈ R, ch(t) ≤ exp

(
t2

2

)
9) O�n� �p�o�s�e λ =

1 + x

2
, �a�l�o�r�� λ ∈ [0, 1] �g�r�â�c�e �à� x ∈ [−1, 1].

L�a� �f�o�n�c�t�i�o�n� exp �é�t�a�n�t �c�o�n�v�e�x�e, �d�o�n�c

∀t ∈ R, exp(tx) = exp(λt + (1 − λ)(−t)) ≤ λexp(t) + (1 − λ)exp(−t) =
1 + x

2
exp(t) +

1 − x

2
exp(−t)

10) • X �e�s�t �b�o�r�n�é�e �p�a�r� 1, �d�o�n�c −1 ≤ X ≤ 1 �c�e �q�u�i� �p�e�r�m�e�t �d�'�a�p�p�l�i�q�u�e�r� �l��i�n�é�g�a�l�i�t�é �p�r�é�c�é�d�e�n�t�e �q�u�i�
��'�é�c�r�i�t

exp(tX) ≤ 1 + X

2
exp(t) +

1 − X

2
exp(−t)

L'�e�s�p�é�r�a�n�c�e �e�s�t �c�r�o�i�s�s�a�n�t�e �e�t �l�i�n�é�a�i�r�e, �d�o�n�c E(exp(tX)) ≤ exp(t)E

(
1 + X

2

)
+ exp(−t)E

(
1 − X

2

)
.

L�a� �v�a�r�i�a�b�l�e X �e�s�t �c�e�n�t�r�é�e, �d�o�n�c E(X) = 0 �e�t �p�a�r� �s�u�i�t�e E

(
1 + X

2

)
= E

(
1 − X

2

)
=

1

2
, �d�o�n�c

E(exp(tX)) ≤ exp(t) + exp(−t)

2
= ch(t) ≤ exp

(
t2

2

)
X �e�s�t �d�o�n�c 1− �s�o�u��-�g�a�u�s�s�i�e�n�n�e.
• S�o�i�t X �u�n�e �v�a�r�i�a�b�l�e �a�l�é�a�t�o�i�r�e �b�o�r�n�é�e �p�a�r� α �e�t �c�e�n�t�r�é�e, �a�l�o�r�� Y =

1

α
X �e�s�t �u�n�e �v�a�r�i�a�b�l�e

�a�l�é�a�t�o�i�r�e �b�o�r�n�é�e �p�a�r� 1 �e�t �c�e�n�t�r�é�e �p�a�r� �l�i�n�é�a�r�i�t�é �d�e �l��e�s�p�é�r�a�n�c�e, �c�e �q�u�i� �e�n�t�r�a�i�n�e �p�a�r� �l�a� �q�u�e�s�t�i�o�n�
�p�r�é�c�é�d�e�n�t�e �q�u�e

∀u ∈ R, E(exp(uY)) ≤ exp

(
u2

2

)
�d�o�n�c �e�n� �p�o�s�a�n�t u = tα �l��i�n�é�g�a�l�i�t�é �p�r�é�c�é�d�e�n�t�e ��'�é�c�r�i�t

∀t ∈ R, E(exp(tX)) ≤ exp

(
α2t2

2

)
�c'�e�s�t �à� �d�i�r�e X �e�s�t α− �s�o�u��-�g�a�u�s�s�i�e�n�n�e.

11) S�o�i�t t ∈ R, E(exp(t

n∑
i=1

µiXi)) = E(exp(

n∑
i=1

µitXi)) = E(

n∏
i=1

exp(tµiXi)).

L�e�� �v�a�r�i�a�b�l�e�� �a�l�é�a�t�o�i�r�e�� X1, ..., Xn �s�o�n�t �m�u�t�u�e�l�l�e�m�e�n�t �i�n�d�é�p�e�n�d�a�n�t�e��, �d�o�n�c �a�u�s�s�i� �p�o�u�r� �l�e��

�v�a�r�i�a�b�l�e�� �a�l�é�a�t�o�i�r�e�� exp(tµ1X1), ..., exp(tµnXn), �d�o�n�c E(

n∏
i=1

exp(tµiXi)) =

n∏
i=1

E(exp(tµiXi)).

�o�r� �c�h�a�q�u�e Xi �e�s�t α− �s�o�u��-�g�a�u�s�s�i�e�n�n�e, �d�o�n�c

∀i ∈ [[1, n]], exp(tµiXi) ≤ exp

(
α2µ2

i t
2

2

)
�c�e �q�u�i� �d�o�n�n�e �a�v�e�c

n∑
i=1

µ
2
i = 1

∀t ∈ R, E(exp(t

n∑
i=1

µiXi)) ≤
n∏

i=1

exp

(
α2µ2

i t
2

2

)
= exp

(
n∑

i=1

α2µ2
i t

2

2

)
= exp

(
α2t2

2

)

�c'�e�s�t �à� �d�i�r�e
n∑

i=1

µiXi �e�s�t α− �s�o�u��-�g�a�u�s�s�i�e�n�n�e.

3/ 6



Mines B- 2015 Un corrigé

12) • ∀t > 0, �o�n� �a� �l��i�n�c�l�u�s�i�o�n� �d�e�� �é�v�é�n�e�m�e�n�t�� (X ≥ λ) ⊂ (exp(tX) ≥ exp(tλ)), �d�o�n�c
P(X ≥ λ) ≤ P(exp(tX) ≥ exp(tλ)) �e�t �p�a�r� �l��i�n�é�g�a�l�i�t�é �d�e M�a�r�k�o�v �a�p�p�l�i�q�u�é�e �à� �l�a� �v�a�r�i�a�b�l�e �a�l�é�a�t�o�i�r�e
exp(tX) �e�t �l�e �f�a�i�t �q�u�e X �e�s�t α− �s�o�u��-�g�a�u�s�s�i�e�n�n�e, �o�n� �o�b�t�i�e�n�t

P(X ≥ λ) ≤ E(exp(tX))

exp(tλ)
≤ exp

(
α2t2 − λt

2

)
• L'�é�v�é�n�e�m�e�n�t (|X| ≥ λ) ��'�é�c�r�i�t �c�o�m�m�e �r�é�u�n�i�o�n� �d�i�s�j�o�i�n�t�e �d�e �d�e�u�x �é�v�é�n�e�m�e�n�t��
(|X| ≥ λ) = (X ≥ λ) ∪ (X ≤ −λ) = (X ≥ λ) ∪ (−X ≥ λ).
�o�r� �c'�e�s�t �c�l�a�i�r� �q�u�e �s�i� X �e�s�t α− �s�o�u��-�g�a�u�s�s�i�e�n�n�e, �a�l�o�r�� −X �l��e�s�t �a�u�s�s�i�, �d�o�n�c

∀t > 0, P(|X| ≥ λ) ≤ 2exp

(
α2t2

2
− λt

)
L'�é�t�u�d�e �d�e �l�a� �f�o�n�c�t�i�o�n� t 7−→ exp

(
α2t2

2
− λt

)
�m�o�n�t�r�e �q�u�e �c�e�t�t�e �f�o�n�c�t�i�o�n� �e�s�t �m�i�n�o�r�é�e �e�t �a�t�t�e�i�n�t

�s�o�n� �m�i�n�i�m�u�m� �e�n� t0 =
λ

α2
.

O�n� �c�o�n�c�l�u�t �p�a�r� �p�a�s�s�a�g�e �a�u� �m�i�n� �d�a�n�� �l�i�n�é�g�a�l�i�t�é �p�r�é�c�é�d�e�n�t�e �q�u�e

P(|X| ≥ λ) ≤ exp

(
α2t20
2

− λt0

)
= exp

(
−

λ2

2α2

)
13) O�n� �a� �l�e�� �i�n�é�g�a�l�i�t�é�� 0 ≤ [X] ≤ X < [X] + 1 �o�ù� [X] �d�é�s�i�g�n�e �l�a� �v�a�r�i�a�b�l�e �a�l�é�a�t�o�i�r�e �p�a�r�t�i�e �e�n�t�i�è�r�e �d�e

X �q�u�i� �p�r�e�n�d� �s�e�� �v�a�l�e�u�r�� �d�a�n�� N �p�u�i�s�q�u�e X(Ω) ⊂ R+.
=⇒ S�i� X �a�d�m�e�t �u�n�e �e�s�p�é�r�a�n�c�e, �a�l�o�r�� �l��i�n�é�g�a�l�i�t�é 0 ≤ [X] ≤ X �e�n�t�r�a�i�n�e �p�a�r� �c�o�m�p�a�r�a�i�s�o�n� �q�u�e
[X] �a�d�m�e�t �a�u�s�s�i� �u�n�e �e�s�p�é�r�a�n�c�e.⇐= S�i� [X] �a�d�m�e�t �u�n�e �e�s�p�é�r�a�n�c�e, �a�l�o�r�� [X] + 1 �l��a�d�m�e�t �a�u�s�s�i� �e�t �p�a�r� �l��i�n�é�g�a�l�i�t�é 0 ≤ X < [X] + 1

�o�n� �o�b�t�i�e�n�t �p�a�r� �c�o�m�p�a�r�a�i�s�o�n� �q�u�e X �a�d�m�e�t �a�u�s�s�i� �u�n�e �e�s�p�é�r�a�n�c�e.

D�e �p�l�u�� ∀k ∈ N, (X ≥ k) = ([X] ≥ k), �d�o�n�c E([X]) =

+∞∑
k=1

P(X ≥ k) �e�t �p�a�r� �c�r�o�i�s�s�a�n�c�e �d�e �l��e�s�p�é�r�a�n�c�e

�o�n� �o�b�t�i�e�n�t E([X]) ≤ E(X) ≤ E([X] + 1) = E([X]) + 1, �c�e �q�u�i� �d�o�n�n�e �f�i�n�a�l�e�m�e�n�t
+∞∑
k=1

P(X ≥ k) ≤ E(X) ≤ 1 +

+∞∑
k=1

P(X ≥ k)

14) • ∀β > 0, ∀k ∈ N∗,
(
exp(

β2X2

2
) ≥ k

)
=

(
β2X2

2
≥ ln(k)

)
=

(
|X| ≥

√
2ln(k)

β

)
D�o�n�c P

(
exp(

β2X2

2
) ≥ k

)
=

P

(
|X| ≥

√
2ln(k)

β

)
�e�t �p�u�i�s�q�u�e X �e�s�t α− �s�o�u��-�g�a�u�s�s�i�e�n�n�e �o�n� �a� �l��i�n�é�g�a�l�i�t�é �d�e �l�a� �q�u�e�s�t�i�o�n� 12

�q�u�i� ��'�é�c�r�i�t P

(
|X| ≥

√
2ln(k)

β

)
≤ 2exp

(
−
ln(k)

α2β2

)
�e�t �p�a�r� �s�u�i�t�e

P

(
exp(

β2X2

2
≥ k

)
≤ 2exp

(
−
ln(k)

α2β2

)
= 2exp

(
ln

(
k
− 1

α2β2

))
= 2k

−η

• S�i� αβ < 1, �a�l�o�r�� η > 1, �d�o�n�c �l�a� �s�é�r�i�e �d�e R�i�e�m�a�n�n�
∑

k
−η �c�o�n�v�e�r�g�e, �d�o�n�c �p�a�r� �c�o�m�p�a�r�a�i�s�o�n�

�l�a� �s�é�r�i�e
∑

P

(
exp

(
β2X2

2

)
≥ k

)
�c�o�n�v�e�r�g�e, �c�e �q�u�i� �a�s�s�u�r�e �l��e�x�i�s�t�e�n�c�e �d�e �l��e�s�p�é�r�a�n�c�e �p�o�u�r� �l�a�

�v�a�r�i�a�b�l�e �a�l�é�a�t�o�i�r�e exp

(
β2X2

2

)
. D�e �p�l�u�� E

(
β2X2

2

)
≤ 1 +

+∞∑
k=1

P

(
exp

(
β2X2

2

)
≥ k

)
≤ 1 + 2ζ(η).

E�n� �p�a�r�t�i�c�u�l�i�e�r�, �s�i� αβ =
1√
2
, �a�l�o�r�� η = 2,

β2

2
=

1

4α2
�e�t �a�v�e�c �l��i�n�é�g�a�l�i�t�é �a�d�m�i�s�e 1 + 2η(2) ≤ 5,

�o�n� �o�b�t�i�e�n�t
E

(
exp

(
X2

4α2

))
≤ 5
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C. Recouvrements de la sphère

15) R�a�i�s�o�n�n�o�n�� �p�a�r� �l��a�b�s�u�r�d�e �c�o�m�m�e �i�l �e�s�t �i�n�d�i�q�u�é �e�t �s�u�p�p�o�s�o�n�� �q�u�'�i�l �e�x�i�s�t�e ε > 0 �t�e�l �q�u�e K

�n�e �p�e�u�t �ê�t�r�e �i�n�c�l�u� �d�a�n�� �u�n�e �r�é�u�n�i�o�n� �f�i�n�i�e �d�e �b�o�u�l�e�� �f�e�r�m�é�e�� �d�e �c�e�n�t�r�e �d�a�n�� K �e�t �d�e �r�a�y�o�n�
ε

2
.

S�o�i�t x0 ∈ K, K �n�'�e�s�t �p�a�� �i�n�c�l�u� �d�a�n�� B(x0,
ε

2
), �d�o�n�c ∃x1 ∈ KrB(x0,

ε

2
), �c�e �q�u�i� �e�x�i�g�e ∥x0−x1∥ >

ε

2
.

K �n�'�e�s�t �p�a�� �i�n�c�l�u� �d�a�n�� B(x0,
ε

2
) ∪ B(x1,

ε

2
), �d�o�n�c ∃x2 ∈ K r B(x0,

ε

2
) ∪ B(x1,

ε

2
), �c�e �q�u�i� �e�x�i�g�e

∥x0 − x2∥ >
ε

2
�e�t ∥x2 − x1∥ >

ε

2
.

O�n� �c�o�n�s�t�r�u�i�t �d�o�n�c �p�a�r� �r�é�c�u�r�r�e�n�c�e �u�n�e �s�u�i�t�e (xn)n∈N �d�e K �v�é�r�i�f�i�a�n�t xn ∈ Kr
n−1∪
i=0

B(xi,
ε

2
)

�e�t �p�a�r� �s�u�i�t�e ∀i ∈ [[0, n − 1]], ∥xn − xi∥ >
ε

2
.

K �é�t�a�n�t �c�o�m�p�a�c�t, �d�o�n�c �p�a�r� �l�e �t�h�é�o�r�è�m�e �d�e B�o�l�z�a�n�o-W�e�i�s�t�r�a�s��, �o�n� �p�e�u�t �e�x�t�r�a�i�r�e �u�n�e �s�o�u��-
�s�u�i�t�e �e�x�t�r�a�i�t�e (xφ(n))n �c�o�n�v�e�r�g�e�n�t�e �v�e�r�� x ∈ K, �d�o�n�c �c�e�t�t�e �s�o�u��-�s�u�i�t�e �e�s�t �d�e C�a�u�c�h�y, �c�e �q�u�i�
�e�s�t �e�n� �c�o�n�t�r�a�d�i�c�t�i�o�n� �a�v�e�c �l�a� �c�o�n�d�i�t�i�o�n� ∀n,m ∈ N, ∥xφ(n) − xφ(m)∥ >

ε

2
.

16) • S�u�p�p�o�s�o�n�� �q�u�e Λ �e�s�t �i�n�f�i�n�i�, �a�l�o�r�� �o�n� �s�e �p�e�r�m�e�t �d�e �p�r�e�n�d�r�e �u�n�e �s�u�i�t�e (xn)n �d�e Λ �q�u�i�
�e�s�t �u�n�e �s�u�i�t�e �d�e K �c�o�m�p�a�c�t, �d�o�n�c �o�n� �p�e�u�t �e�x�t�r�a�i�r�e �u�n�e �s�o�u��-�s�u�i�t�e �c�o�n�v�e�r�g�e�n�t�e �d�a�n�� K �q�u�i�
�d�e�v�i�e�n�t �u�n�e �s�u�i�t�e �d�e C�a�u�c�h�y, �c�e �q�u�i� �c�o�n�t�r�a�d�i�c�t�o�i�r�e �a�v�r�e�c �l�a� �c�o�n�d�i�t�i�o�n� ∀x, y ∈ Λ, ∥x − y∥ > ε.
• - P�o�s�o�n�� Λ = {λ1, ..., λp} �d�e �c�a�r�d�i�n�a�l p, �a�l�o�r�� �d�'�a�p�r�è�� �l��i�n�c�l�u�s�i�o�n� �d�e �l�a� �q�u�e�s�t�i�o�n� �p�r�é�c�é�d�e�n�t�e,
∀i ∈ [[1, p]], ∃ai ∈ A �t�e�l �q�u�e λi ∈ B(ai,

ε

2
), �d�e �p�l�u�� ∀i ̸= j, λi �e�t λj �n�'�a�p�p�a�r�t�i�e�n�n�e�n�t �p�a�� �à� �l�a�

�m�ê�m�e �b�o�u�l�e, �s�i� �n�o�n� �o�n� �a�u�r�a� ∥λi − λj∥ ≤ ε , �c�e �q�u�i� �e�s�t �e�n� �c�o�n�t�r�a�d�i�c�t�i�o�n� �a�v�e�c �l�a� �c�o�n�d�i�t�i�o�n�
∥λi − λj∥ > ε, �d�o�n�c card(Λ) ≤ card(A).
• - O�n� �s�u�p�p�o�s�e �q�u�e Λ �e�s�t �d�e �c�a�r�d�i�n�a�l �m�a�x�i�m�a�l. M�o�n�t�r�o�n�� �q�u�e K ⊂

∪
a∈Λ

B(a, ε).

S�u�p�p�o�s�o�n�� �q�u�e K �n�'�e�s�t �p�a�� �i�n�c�l�u� �d�a�n��
∪
a∈Λ

B(a, ε), �a�l�o�r�� ∃b ∈ K �t�e�l �q�u�e ∀a ∈ Λ, ∥b − a∥ > ε,

�d�o�n�c Λ ′ = Λ ∪ {b} �e�s�t �u�n� �s�o�u��-�e�n�s�e�m�b�l�e �d�e K �v�é�r�i�f�i�a�n�t ∀x, y ∈ Λ ′, ∥x− y∥ > ε, �c�e �q�u�i� �c�o�n�t�r�e�d�i�t
�l�a� �m�a�x�i�m�a�l�i�t�é �d�e Λ.

17) • - S�i� ∥x − a∥ ≤ ε

2
, �a�l�o�r�� ∥x∥ ≤ ∥x − a∥ + ∥a∥ ≤ ε

2
+ ∥a∥, �m�a�i�� a ∈ Sn−1, �d�o�n�c ∥a∥ = 1, �e�t �p�a�r�

�s�u�i�t�e ∥x∥ ≤ ε

2
+ 1, �c�e �q�u�i� �e�n�t�r�a�i�n�e �l��i�n�c�l�u�s�i�o�n� ∀a ∈ Λ, B(a,

ε

2
) ⊂ B(0, 1 +

ε

2
).

• L�e�� �i�n�c�l�u�s�i�o�n�� �p�r�é�c�é�d�e�n�t�e�� �e�n�t�r�a�i�n�e�n�t
∪
a∈Λ

B(a,
ε

2
) ⊂ B(0, 1 +

ε

2
).

L�e�� �b�o�u�l�e�� �f�e�r�m�é�e�� �e�n� �d�i�m�e�n�s�i�o�n� �f�i�n�i�e �s�o�n�t �d�e�� �c�o�m�p�a�c�t�� �e�t �l�a� �r�é�u�n�i�o�n� �f�i�n�i�e �d�e �c�o�m�p�a�c�t��
�e�s�t �u�n� �c�o�m�p�a�c�t, �d�o�n�c �l�a� �f�i�n�i�t�u�d�e �d�e Λ �a�s�s�u�r�e �l�a� �c�o�m�p�a�c�i�t�é �d�e

∪
a∈Λ

B(a,
ε

2
).

A�l�o�r�� µ(
∪
a∈Λ

B(a,
ε

2
)) ≤ µ(B(0, 1 +

ε

2
).

L�e�� �b�o�u�l�e�� B(a,
ε

2
) �o�ù� a ∈ Λ �s�o�n�t �d�i�s�j�o�i�n�t�e��. E�n� �e�f�f�e�t ��'�i�l �e�x�i�s�t�e x ∈ B(a1,

ε

2
) ∩ B(a2,

ε

2
), �a�l�o�r��

∥a1 − a2∥ ≤ ∥a1 − x∥ + ∥a2 − x∥ ≤ ε

2
+

ε

2
= ε, �c�e �q�u�i� �e�s�t �e�n� �c�o�n�t�r�a�d�i�c�t�i�o�n� �a�v�e�c ∥a1 − a2∥ > ε.

O�n� �o�b�t�i�e�n�t �d�o�n�c
∑
a∈Λ

µ(B(a,
ε

2
)) =

(
ε

2

)n

card(Λ) ≤
(
1 +

ε

2

)n

, �d�o�n�c card(Λ) ≤
(
2 + ε

ε

)n

.

18) E�n� �p�r�e�n�a�n�t K = Sn−1 �e�t ε =
1

2
�d�a�n�� �l�a� �q�u�e�s�t�i�o�n� 16 , �o�n� �o�b�t�i�e�n�t �l��e�x�i�s�t�e�n�c�e �d�e Λn �d�e �c�a�r�d�i�n�a�l

�m�a�x�i�m�a�l �t�e�l �q�u�e Sn−1 ⊂
∪

a∈Λn

B(a,
1

2
), �d�e �p�l�u�� card(Λn) ≤

(
2 + ε

ε

)n

= 5n.
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D. Norme d’une matrice aléatoire

19) • - S�o�i�t i ∈ [[1, n]], yi =

n∑
j=1

M
(n)
i,j xj �o�ù� �o�n� �a� �p�o�s�é x = t(x1, ..., xn) ∈ Sn−1, �d�o�n�c

n∑
i=1

x
2
i = 1, �d�e �p�l�u��

M
(n)
i,j �s�o�n�t �m�u�t�u�e�l�l�e�m�e�n�t �i�n�d�é�p�e�n�d�a�n�t�e�� �e�t α− �s�o�u��-�g�a�u�s�s�i�e�n�n�e�� , �d�o�n�c �d�'�a�p�r�è�� �l�a� �q�u�e�s�t�i�o�n�

11, yi �e�s�t α− �s�o�u��-�g�a�u�s�s�i�e�n�n�e.

• - E(exp(γ∥y∥2)) = E(exp(

n∑
i=1

γy
2
i )) = E(

n∏
i=1

exp(γy2
i )), �o�r� �l�e�� M

(n)
i,j �s�o�n�t �m�u�t�u�e�l�l�e�m�e�n�t �i�n�d�é-

�p�e�n�d�a�n�t�e��, �d�o�n�c �l�e�� yi �l�e �s�o�n�t �a�u�s�s�i� �e�t �p�a�r� �s�u�i�t�e �l�e�� exp(γy2
i ) �s�o�n�t �a�u�s�s�i� �m�u�t�u�e�l�l�e�m�e�n�t

�i�n�d�é�p�e�n�d�a�n�t�e��, �c�e �q�u�i� �d�o�n�n�e �a�v�e�c γ =
1

4α2
�e�t �l��i�n�é�g�a�l�i�t�é �d�e �l�a� �q�u�e�s�t�i�o�n� 14

E(exp(γ∥y∥2)) =

n∏
i=1

E(exp(γy2
i )) ≤

n∏
i=1

5 = 5
n

• - D�e �l��é�g�a�l�i�t�é (∥y∥ ≥ r
√
n) = (exp(γ∥y∥2) ≥ exp(γr2n)) �e�t �l��i�n�é�g�a�l�i�t�é �d�e M�a�r�k�o�v �a�p�p�l�i�q�u�é�e �à�

�l�a� �v�a�r�i�a�b�l�e �a�l�é�a�t�o�i�r�e exp(γ∥y∥2) �e�t �e�n� �e�x�p�l�o�i�t�a�n�t �l��i�n�é�g�a�l�i�t�é �p�r�é�c�é�d�e�n�t�e , �o�n� �o�b�t�i�e�n�t

P
(
∥y∥ ≥ r

√
n
)
= P

(
exp(γ∥y∥2) ≥ exp(γr2n)

)
≤ E(exp(γ∥y∥2)

exp(γr2n)
≤
(
5exp(−γr

2)
)n

20) • - S�o�i�t Λn �u�n�e �p�a�r�t�i�e �d�e Sn−1 �d�e �c�a�r�d�i�n�a�l �m�a�j�o�r�é �p�a�r� 5n �t�e�l �q�u�e Sn−1 ⊂
∪

a∈Λn

B(a,
1

2
) �e�t

�s�o�i�t x ∈ Sn−1, �a�l�o�r�� ∃a ∈ Λn �t�e�l �q�u�e x ∈ B(0,
1

2
), �d�o�n�c �e�n� �u�t�i�l�i�s�a�n�t �q�u�e M(n) �e�s�t ∥M(n)∥op−

�l�i�p�s�c�h�i�t�z�i�e�n�n�e, �o�n� �a�u�r�a�

∥M(n)
x∥ ≤ ∥M(n)(x − a)∥ + ∥M(n)

a∥ ≤ ∥M(n)∥op∥x − a∥ + ∥M(n)
a∥ ≤ 1

2
∥M(n)∥op + ∥M(n)

a∥

�e�t �l�e �p�a�s�s�a�g�e �a�u� �m�a�x �s�u�r� Sn−1 �c�o�n�d�u�i�t �à� 1

2
∥M(n)∥op ≤ ∥M(n)a∥ �e�t �p�a�r� �s�u�i�t�e �s�i� ∥M(n)∥op ≥

2r
√
n, �a�l�o�r�� ∥M(n)a∥ ≥ r

√
n .

• - O�n� �v�i�e�n�t �d�e �m�o�n�t�r�e�r� �q�u�e ∥M(n)∥op ≥ 2r
√
n =⇒ ∃a ∈ Λn �t�e�l �q�u�e ∥M(n)a∥ ≥ r

√
n, �d�o�n�c �o�n�

�a� �l��i�n�c�l�u�s�i�o�n� �d�e�� �é�v�é�n�e�m�e�n�t��

(∥M(n)∥op ≥ 2r
√
n) ⊂

∪
a∈Λn

(∥M(n)
a∥ ≥ r

√
n)

�e�t �p�a�r� �s�u�i�t�e

P

(
∥M(n)∥op ≥ 2r

√
n

)
≤ P

 ∪
a∈Λn

(∥M(n)
a∥ ≥ r

√
n)

 ≤
∑

a∈Λn

P

(
∥M(n)

a∥ ≥ r
√
n

)
≤

≤
(
5exp(−γr

2)
)n ∑

a∈Λn

1 = card(Λn)
(
5exp(−γr

2)
)n ≤ 5

n
(
5exp(−γr

2)
)n

=
(
25exp(−γr

2)
)n
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